We study in detail the phase space of a Friedmann-Robertson-Walker Universe filled with various cosmological fluids which may or may not interact. We use various expressions for the equation of state, and we analyze the physical significance of the resulting fixed points. In addition we discuss the effects of the stability or an instability of some fixed points. Moreover we study an interesting phenomenological scenario for which there is an oscillating interaction between the dark energy and dark matter fluid. As we demonstrate, in the context of the model we use, at early times the interaction is negligible and it starts to grow as the cosmic time approaches the late-time era. Also the cosmological dynamical system is split into two distinct dynamical systems which have two distinct de Sitter fixed points, with the early-time de Sitter point being unstable. This framework gives an explicit example of the unification of the early-time with late-time acceleration. Finally, we discuss in some detail the physical interpretation of the various models we present in this work.
I. INTRODUCTION
In modern theoretical cosmology, the most striking event was the observation of the late-time acceleration [1] that our Universe undergoes at present time. Admittedly this observation has utterly changed the way of thinking of modern cosmologists, since this late-time acceleration is a feature of our Universe that was never thought it would actually occur. Consequently, the focus for the last nearly 20 years is to model in a successful way this late-time acceleration and also to harbor the late and early-time acceleration era in a unified theoretical framework. Towards this unified description, many proposals, especially those suggesting to modify the gravitational sector, have been introduced ever since, see the reviews [2] [3] [4] [5] for details. From the first moment that the late-time acceleration has been observed, it was realized that no perfect matter fluid known at that time was able to realize the late-time acceleration era, and therefore the need for alternative generalized cosmological fluids was compelling. By using generalized cosmological fluids, both the late and early-time acceleration era can be realized, and up to date there are many theoretical proposals that use generalized fluids, for example in Refs. [6] [7] [8] [9] [10] [11] [12] imperfect fluids are used in order to describe the cosmological evolution of our Universe, and in some cases certain particular examples are used, called viscous fluids are (see [13] for reviews). It is notable that the imperfect fluids may describe even phantom evolution of our Universe, without using phantom scalar fields, which violate the energy conditions, see Refs. [6, 8] for details. Furthermore, other cosmological evolutions like bouncing cosmology, in the context of both classical and loop quantum cosmology imperfect fluids were studied in [14] , and also singular cosmology can be realized by imperfect fluids [15, 16] . Furthermore, several models which take into account bulk viscosity were discussed in Refs. [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] , and also an important class of models which assume an interaction between dark matter and dark energy fluids, can be found in Refs. [17, 30, 31] .
In this paper we shall perform a detailed phase-space analysis of a Friedmann-Robertson-Walker Universe, filled with different fluid components, which may or may not interact between them. The dynamical evolution of such kind of model is described by the Friedmann equations,
or equivalently,
and also the energy conservation equations hold true,
In the above, κ 2 = 8πG and also the equation of state (EoS) p i = p i (ρ i ) may be highly non-trivial for some fluid components. We shall appropriately choose the variables in order to capture the phase space dynamics in the most optimal way, and we shall analyze the structure of the phase space by providing an analytic treatment of the cosmological dynamical equations. Seeing the cosmological equations as a dynamical system is a particularly appealing way to investigate the phase space in many cosmological contexts, see for example [32] [33] [34] [35] [36] [37] , but also in modified gravity too, see for example [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] . In most cases, the choice of the dynamical system variables plays a crucial choice, and in some cases the resulting cosmological dynamical system may be rendered autonomous [48] . Also it is possible to choose dimensionless variables, see for example Refs. [39, 40] for an F (R) gravity cosmological dynamical system, and also see Ref. [49] , for a cosmological theory with higher derivatives of the scalar curvature. The dynamical systems approach for cosmological systems has many attributes, with the most important being the fact that the fixed points of the dynamical system actually provide new insights with regards to the behavior of the attractor solutions and also reveals the stability structure of the dynamical system near the attractors. It is conceivable that the choice of the variables plays an important role, as we also demonstrate by this work.
This paper is organized as follows: In section II we present some well known features of dynamical systems approach in cosmological context with generalized fluids, in section III we discuss in brief how interactions between dark matter and dark energy may be introduced and by using appropriately chosen variables we present how the dynamical systems analysis can be performed in this case. In section IV we generalize the formalism we developed in the previous sections and by using dimensionless variables, we investigate the physical consequences of having various equations of state for the fluid components of the cosmological system. In section V by using appropriately chosen dimensionless variables, we investigate in detail how the interaction of dark matter and dark energy fluids may affects the phase space structure. We study the stability and behavior of the fixed points of the dynamical system and we also discuss how the early and late-time acceleration eras are affected by the various functional forms of the interaction coupling between dark matter and dark energy. Finally the conclusions follow in the end of the paper.
II. STANDARD APPROACH ON DYNAMICAL SYSTEMS AND COSMOLOGICAL DYNAMICS
In this section we present the simplest case of the dynamical systems approach in cosmological dynamics. We consider the simplest case in which the Universe is filled with radiation ρ r and a perfect fluid with a non-trivial EoS of the form p = −ρ + f (ρ) + G(H) [50] . Such non-trivial EoS can be considered as some sort of viscous fluid or generalized EoS fluid, see [51] for a review on this topic. In addition, such an EoS can be considered as an effective fluid presentation of some modified gravity theory [3, 4] . In the case at hand, the full dynamical system takes the following form,
The appearance of the term G(H) might seem unconventional, from a thermodynamic point of view, and we need to briefly describe the motivation for using such a term. This term encompasses the viscous part of the cosmological fluid, so it mainly quantifies the viscosity of the fluid. In the Universe, nd especially in the very early stages of it's evolution, the effects of a viscous cosmological component are most likely expected to occur during the neutrino decoupling process, which occurs at the end of the lepton era [52] . Hence, viscosity is encompassed in the very own fabric of the Universe. In addition, a strong motivation for using viscous fluid components comes from the fact that the perfect fluid approach among cosmologists-hydrodynamicists is just an ideal approach, and does not describe the real world. Finally, due to the fact that early and late-time acceleration may be described by an unknown form of a cosmological fluid, it is natural to assume that the fluid has the most general form, which means that a viscous component is needed 1 . Having described the motivation for the use of viscous fluid components, we can rewrite the above cosmological equations in terms of dimensionless variables. In the case at hand, there is only one independent variable due to the constraint equation (5) . By using the e-foldings number 2 N = ln a and by introducing a new dimensionless variable defined as,
we obtain the next dynamical equation,
where the variables ρ, H and ρ tot must be expressed in terms of x depending on the choices of the functions f and G. Let us here discuss the simplest choice of EoS, which is p = w 0 ρ + w 1 H 2 , which implies that f (ρ) = ρ(1 + w 0 ) and
It is easy to see that in this case, Eq. (8) takes the following form,
where the "prime" denotes differentiation with respect to the e-foldings number. The equation that determines the stationary points for the above dynamical equation, is quadratic with discriminant D = κ 2 w 1 − 4 + 3(1 + w 0 ) 2 , so the existing solutions are always real. For the case D = 0 there is the only one solution, which is,
2(3(1+w0)−4) . For the case D > 0 there are two solutions, which are:
and this case is the most interesting, since it provides us plenty dynamical solutions. Now note that the physical values that the variable x can take, are 0 x 1, but for x 2 we have 0 < x 2 < 1, which give us the following restrictions for the free parameters:
Let us study the stability conditions of the existing stationary points. It is clear that for every point x i there is only one eigenvalue µ i = m ′ (x = x i ), and for the fixed points at hand, we have,
Therefore, we find that for any values of parameters w 0 , w 1 one of the fixed points is stable and the other one is unstable. Note that for the case D = 0 we have µ = 0 and therefore it is compelling to investigate the corresponding center manifold, but fortunately this is not interesting case from a physical point of view. The physical significance of the stationary point x 1 is that it corresponds to a Universe with ρ tot = ρ and ρ r = 0. With regard to the fixed point x 2 , it corresponds to a Universe with some fixed relation between ρ and ρ r .
1 Note that terms of the form G(H,Ḣ) in the cosmological relation between the effective pressure and the energy density, naturally occur in modified gravity thermodynamics [53] Let us discuss at this point some models which describe interactions of dark matter with dark energy. The dynamical system in this case can be written in the following form,
where the prime denotes as previously differentiation with respect to the e-foldings number N , and Q quantifies the interaction between dark energy and dark matter, and the term −3Hζ corresponds to the bulk viscous pressure of the dark matter fluid. We will assume that the bulk viscous coefficient ζ has the following form [17, 54, 55] ,
The motivation for using this kind of ansatz, comes from astronomical estimates on the relation between ζ and ρ tot , which was studied in Ref. [56] , where a general form of the ζ − ρ tot relation was assumed, and it was of the form ζ ∼ ρ In this case we introduce the following set of dimensionless variables,
where only x and y are independent dynamical variables. By using the set of dimensionless variables, the dynamical equations (16)- (19) take the form 3 :
and by using the EoS we used in the previous section, namely, f (ρ) = ρ(1 + w 0 ), G(H) = w 1 H 2 we obtain,
We can easily find the stationary points for the above dynamical system, by multiplying (24) by y, (25) by (1 − x) and by combining the resulting equations we find,
The above equation indicates that there exist at most three stationary points, and it is clear that even in the most general case, the stationary points may be found analytically, and these are equal to,
Since there are a many free parameters, we investigate some particular cases, which are interesting from a physical point of view. We start off with the case w = 0, in which case the first fixed point takes the form,
and the corresponding eigenvalues are,
Accordingly, the second fixed point is,
so the first point always unstable, whereas the second one may be stable, depending on the choice of the free parameters. However, if the first point lies in the physically allowed region, the second fixed point is rendered always unstable. Typical phase portrait with the two fixed points in the physical region, are presented in Fig.1 . Now let us consider another physically interesting case, for which q = −3ζ 0 . In this case, there exist three fixed points which are,
A particularly interesting subcase of the above is if we further choose, 3ζ 0 = w 1 κ 2 , then the fixed points become,
We can see that two fixed points are always unstable, whereas one of the three, the first or the second one depending on the sign of the parameter w 0 , is stable. In Fig. 2 we plotted the phase portrait for the case w 0 = 0.5, while in Fig. 3 we plotted the phase portrait for w 0 = −0.5, and finally in Fig. 4 we can see the phase portrait for w 0 = 0. As it can be seen in all figures, two of the three fixed points are unstable and one of the three is stable. Furthermore, it can be seen that by using Eq. (30), it is possible to find the case (by appropriately choosing the parameters) for which there will be some stationary point with fixed relation x/y = 0, 1. This task may be solved numerically but we refrain from going into details on this.
IV. GENERALIZED FORM OF COSMOLOGICAL FLUIDS
In this section we extend the cases we presented in section II to include generalized form of the EoS. We consider the simplest scenario for which the Universe is filled with ρ r and a perfect fluid with non-trivial EoS p = −ρ+ f (ρ)+ G(H) [50] . In this case, the dynamical system takes the following form,
By using the e-foldings number as independent variable and also by introducing the dimensionless variables,
the dynamical system can be cast in the following form,
where according to the definition, ρ = 3x
Moreover we can see from the system (47)- (48) that the fixed point x 0 = 1, z 0 = 0 always exists, except for some very special choices of functions f and G. It is interesting to note that actually due to the constraint equation (43) , in the case at hand, there is only one independent variable, but by introducing the variable z and by taking into account the equation (44) , allows us to obtain more information about the evolution of the dynamical system. For instance, one of the most hard tasks in such kind of dynamical systems analysis, is to interpret correctly the physical meaning of the stationary points. This approach was firstly proposed in Ref. [57] . Let us introduce an additional parameter, which will be very helpful for this interpretation, which is the effective equation of state, which we denote as w ef f , and it is defined as follows:
The parameter w ef f can be expressed in terms of the dimensionless variables (43)- (44) as follows,
By specifying the EoS, it is possible to obtain various physically interesting evolution scenarios, so in the rest of this section we shall specify the EoS and we study in detail the dynamical evolution stemming from the choice of EoS.
A. A Simplified Form of EoS
Let us discuss the simplest case of EoS, which is p = w 0 ρ + w 1 H 2 , which in turn implies f (ρ) = ρ(1 + w 0 ),
It is easy to verify that in this case, the equations (47)- (48) take the following form,
Thus we have the following stationary points for the dynamical system above,
For the first fixed point we need to note that, this point lies in the physical region only if 0 < w1κ 2 1−3w0 < 1. The corresponding eigenvalues are µ 1 = 1 − 3w 0 − w 1 κ 2 , and µ 2 = 4. Using Eq. (50) we find that at this point we have w ef f = Correspondingly we find that at this point w ef f = w 0 + 1 3 w 1 κ 2 . Thus we can see that the first fixed point always unstable and also that the second fixed point may be stable only if one (or both) of parameters w 0 , w 1 are strictly negative. For instance if we require that the first point lies in the physical region, we find that the second point is stable for w 0 < −1. In Figs. (5-6) we plot the typical behavior of the phase trajectories.
Particularly, Fig. 5 corresponds to w 0 = −2, and w 1 κ 2 = 0.5. The left fixed point corresponds to the effective EoS parameter w ef f = 1 3 and for the right fixed point, we have w ef f = − 11 6 . Clearly the left fixed point represents radiation, while the right one corresponds to some phantom evolution. In Fig. 6 , the phase portrait corresponds to the following choices for the parameters, w 0 = 0.1, w 1 κ 2 = 0.3. The left point corresponds to an effective EoS parameter w ef f = 1 3 , while the right point corresponds to w ef f = 0.2, which describes a form of collisional matter [58] .
B. More Complicated Forms of the EoS
Now let us study more complicated forms of the EoS, and we choose it to be of the form f (ρ)+G(H) = Aρ α +BH 2β . This EoS is known to lead the cosmological system to finite-time singularities, as this was demonstrated in Ref. [50] . For this EoS, the equations (47)- (48) take the form,
Correspondingly, the effective EoS in this case reads, for the left point and w ef f = − 11 6 for the right point.
It is clear that in the most general case, this system may be solved only numerically, so let study some appropriately chosen cases which admit analytical solutions. Consider first the case for which α = 1, β = 2, in which case, the dynamical system (53)-(54) takes the following form,
In
. For the first point, we have w ef f = sign(B)∞ 5 and for the second one we have w ef f = −1. We can see that the second point corresponds to some new non-trivial de Sitter state with ρ tot = ρ and H 2 = H 2 0 = 0. The eigenvalues of the second fixed point are µ 1 = −4, and µ 2 = 3A. The typical behavior of the phase trajectories corresponding to this case, can be found in Fig.7 , for A = −1, and B = 1. As it can be seen, there exist trajectories which start from the first fixed point x 0 = 1, z 0 = 0 (note that zero values of z correspond to infinite values of H, which indicates a singularity) and end up to the second fixed point, with non-singular and non-zero values of H. In effect, the second fixed point may be interpreted as a late-time acceleration de Sitter point of the cosmological dynamical system. Now let us consider the case for which α = 2, and β = 1, in which case, the dynamical system (53)-(54) takes the form,
In this case there are two stationary points, namely, x 0 = 1, z 0 = 0 and also x 0 = 1, z 0 = −9A κ 6 B and the situation is very similar to the previous case. For the first fixed point we have w ef f = sign(A)∞ and for the second one w ef f = −1. The eigenvalues of the second point are µ 1 = −4, and µ 2 = κ 2 B. Note also that for both these cases, A and B must have opposite sign, in order for the second fixed point to lie in the physical region. We also need to note that for this case there are additional fixed points, which are difficult to find analytically, but the most physically interesting cases of fixed points are the ones we just presented. The phase space behavior corresponding to this case can be found in Fig. 8 , for A = 1 2 , B = −9, κ 2 = 1, and as it can be seen, the behavior of the trajectories is similar to the previous case.
Concluding
In this case, the stationary points are the following, x 0 = 1, z = 0 and x A . The behavior of the trajectories corresponding to this case can be found in Fig. 9 , for the choice A = −1, B = 1, and in Fig. 10 , for the choice A = 1, B = −1. 
V. DARK MATTER INTERACTING WITH DARK ENERGY: SOME NON-TRIVIAL MODELS
Let us now discuss some non-trivial models which describe interactions between the dark matter and dark energy fluids. The dynamical system in this case may be written in the following form,
where we modified the interaction between dark energy and dark matter by using the multiplier H 2k6 , and also the term −3Hζ, which corresponds to the bulk viscous pressure of the dark matter fluid. We will assume that the bulk viscous coefficient ζ has the following form,
We define the set of dimensionless variables as follows,
where only x and y are dynamical independent variables. In the new variables system, Eqs. (62)-(66) take the form 7 :
and using that the EoS has the form we used in the previous section, namely, f (ρ) = ρ(1 + w 0 ), G(H) = w 1 H 2 , we obtain,
The effective EoS in this case (for arbitrary functions f and G) reads,
which in the case that f (ρ) = ρ(1 + w 0 ), G(H) = w 1 H 2 , becomes,
Now we consider some special cases, and we start with the case k = 0. This case corresponds to the usual interaction term. Since the first two equations are identical to (26)- (27), we have the solutions (29), (30), where we need to add z 0 = 0. Also, since the first two equations do not depend on z, the first and second eigenvalues will be totally identical to the ones we obtained in section III, and one additional eigenvalue appears for every stationary point, which is,
Also note that the stability or instability of the point z 0 = 0 with respect to this additional coordinate z, implies stability in the past or in the future correspondingly. It mean that a stable with respect to coordinates x, y point which have z 0 = 0 will be stable in the past if it is stable with respect to coordinate z, or equivalently will be stable 6 Note that case k = 0 corresponds to the standard interaction we presented in a previous section. 7 Note that the constraint (62) and the equation for ρr have already been taken into account for this system. , B = −9, κ 2 = 1, α = 2, and β = 1.
for infinite values of H. In addition, it will stable in the future, if it is unstable with respect to coordinate z, or equivalently it will be stable for small (zero) values of H. The effective EoS (79) for the fixed point (29) is equal to w ef f = 1 3 for any values of parameters, which clearly describes a radiation dominated era. However, the effective EoS for the fixed points (30) , has a more complicate structure, which is given below,
Let us now further analyze the case at hand, by specifying the values of the free parameters, so we start with the parameter w 0 , and assume for the moment that w 0 = 0. In this case the fixed point (31) has an additional eigenvalue µ 3 = 4 and the corresponding effective EoS becomes w ef f = 1 3 , which describes radiation. Moreover, the fixed point (34) has the additional eigenvalue µ 3 = 3 − 3ζ 0 + w 1 κ 2 and the corresponding effective EoS for this point is w ef f = 1 3 w 1 κ 2 − ζ 0 . Thus in Fig. 1 the left fixed point corresponds to radiation with w ef f = 1 3 , and the right point has w ef f = 11 3 , and for both the fixed points, H has infinite values. In Table I we have gathered all the fixed points which correspond to the case k = 0, w 0 = 0. As it can be seen in Table I , the fixed point P 1b may describe late-time acceleration. Indeed, if we set w ef f = −1+α, with 0 < α ≪ 1, we obtain µ 1 = −3 + 3α, µ 2 = −4 + 3α and µ 3 = α and as we already noted, this means that this point is stable in the future (for small values of H). Moreover, by changing the parameter q, we can provide any interesting relation between ρ dm and ρ. For instance if put q = Let us discuss some alternative choices for the parameters, so consider the case q = −3ζ 0 , in which case the fixed point (37) has an additional eigenvalue, which we denote µ 3 , and it is equal to, µ 3 = 4− 3ζ0−w1κ 2 3w0 and the corresponding effective EoS is w ef f = 1 3 . In addition, the fixed point (38) has the additional eigenvalue µ 3 = 3 + 3w 0 − 3ζ 0 + w 1 κ 2 with w ef f = 0, which describes a matter dominated state. Finally, the fixed point (39) has µ 3 = 3 with w ef f = w 0 + 1 3 w 1 κ 2 − ζ 0 . In Table II we have gathered all the fixed points for the case q = −3ζ 0 . 
As it can be seen in Table II , the fixed point P 2a is always unstable, if it lies in the physical region, that is, when x 0 1. The fixed point P 2b may be stable in the past and in the future, depending on the values of the parameters. Finally, the fixed point P 2c may be stable only if w ef f > 0. So in this case, no fixed point describes late-time acceleration, however, the fixed points P 2a and P 2b may describe a radiation dominated era and matter dominated era respectively. Consider now the case q = −3ζ 0 , q = −w 1 κ 2 , in which case, the fixed point (40) has the additional eigenvalue µ 3 = 3 and the corresponding effective EoS is w ef f = w 0 . Accordingly, the fixed point (41) has µ 3 = 3 + 3w 0 with w ef f = 0 and finally the fixed point (42) has µ 3 = 4 with w ef f = In Table III we have gathered all the fixed points for the case q = −3ζ 0 , q = −w 1 κ 2 . Now let us consider some alternative choices for the parameter k, and we start with the case k = 1, in which case the only stationary point is the following,
and the expression (79) yields for this fixed point,
The effective EoS parameter above describes a de Sitter evolution, with a finite value for the Hubble parameter, namely H = H 0 , which may be arbitrarily small, depending on the values of the other parameters. The eigenvalues for this fixed point in the most general case, have a quite complicate form, but there is one special case for which we can compute these analytically, and this occurs when w 0 = 1 3 . In this case, the eigenvalues are,
where the first eigenvalue corresponds to variable x. We can see that the stability with respect to all dimensions, requires the following conditions to hold true,
which is quite compatible with 0 x 0 1, but incompatible with z 0 > 0, which reads ζ 0 < 1 + 1 4 w 1 κ 2 . This means that by varying the parameters, we can make this point stable with respect to the coordinates x and y, and unstable with respect z, so this point may be used for the construction of the late-time acceleration phase. Note also that by changing value of w 0 , it is quite possible to make this point stable with respect to all the coordinates.
Consider now the case k = −1, in which case there are four stationary points, which can be found in Table IV . Note that the parameter a appearing in Table IV is equal to a = (3w 0 − w 1 κ 2 + 3ζ 0 ) 2 + 12κ 2 w 0 w 1 . The corresponding eigenvalues can be found in Table V . 
By looking the Table IV it can be seen that the most phenomenologically interesting fixed point is P 4b . First of all it is easy to make this fixed point a stable attractor. Moreover w ef f is equal to −1 exactly, so this point corresponds to some de Sitter solution. Finally, for this point we have z 0 = 0 which means that this point corresponds to some state with non-zero (and non-infinite) value of the Hubble parameter H = H 0 . So by changing the values of the parameters it is easy to make z 0 sufficiently large, which implies sufficiently small values of H 0 . For instance, by choosing w 0 > 0, w 1 > 0 and ζ 0 < 0 we can make this fixed point stable. By assigning sufficiently large values of w 1 for sufficiently small (positive) values of q, we get large values for z 0 . And finally we can see that by changing the values of the parameters, it is easy to construct some fixed relation 
It is interesting to note that there are five different regions in the parameter space, for which all four stationary points lie in the physical region, and these regions are the following,
where
However, the above cases are quite hard to be tackled analytically, so a numerical study is needed, which exceeds the purposes of this article.
A. Oscillating Dark Energy-Dark Matter Interaction
In the previous sections we considered cases of dark energy and dark matter interactions, by specifying the free parameters, and in this section we follow a different approach: we will directly modify the functional form of the dark energy-dark matter interaction by making it oscillating. So assume that in Eq. (65) we make the following replacement, −QH 2k → −Q cos(h 0 H 2 ). In effect, instead of Eqs. (75)- (77) we have
where cos(h 0 H 2 ) = cos h0 κ 2 z . Let us suppose that the argument of the cosine function changes monotonically, from π 2 during the inflationary era, when H 2 ∼ M P l , to 0 which corresponds at the present time. In practice we may realize this kind of behavior by assuming sufficiently small values of the parameter h 0 . Then, the physical interpretation of the situation at hand is the following, at early times (inflationary era), there is no interaction between the various matter fluid components, and as the time grows, this interaction starts to develop, and it grows until it reaches its maximum value at H = 0. From a mathematical point of view, this would mean that there are two distinct asymptotic states at t → 0 and t → ∞, which are described by two distinct dynamical systems. In the following we discuss these two asymptotic dynamical systems separately.
Asymptotic State I: The Inflationary Epoch
Let us now focus on the inflationary asymptotic state, in which case instead of (94)- (96), we have the following dynamical system,
where for the stationary points in the last equation above, we must put z 0 = 0. We can see that the last equation is decoupled from the system, and mainly governs the stability with respect to the variable z only. The stationary points of the system (97)-(98) are already found in section III and these are presented in Eqs. (29)- (30), where we need to put q = 0. The first fixed point should be excluded from the future investigation, since it has w ef f = 1 3 . Thus we have one possible fixed point candidate that may describe inflation (let us denote it P 5a ):
with,
Now in order to describe inflation, we need to construct a de Sitter solution, which should be stable with respect to the coordinates x, y and unstable with respect to z, in order to provide an exit from inflation. Thus let us put for (101) w ef f = −1 + γ, where 0 < γ ≪ 1. In this case, the third eigenvalue associated with the coordinate z will exactly be µ 3 = γ, so this provides an instability of de Sitter point. Moreover deriving x 0 from (101) and equating it to (100), we find an additional relation between the free parameters,
or if we require that all the values of parameters are not very small in comparison with γ, we have,
Asymptotic State II: Present Time and Late-time Acceleration
Now let us consider the present-time asymptotic case, in which case instead of the dynamical system of Eqs. (94)-(96) we have the following system,
where for stationary points in the last equation we must require z 0 = 0. Thus, from the last equation we have
Substituting the above in Eq. (104) we find,
and by substituting in Eq. (105) we find,
.
In effect, the system will compatible only if the following condition holds true,
which gives us,
and the corresponding stationary point is (let us denote it P 5b )
Combining (108) with (103) we find,
so we can see that q is very small but does not vanish. 9 Note also that the effective EoS for this point, calculated for (79) yields exactly w ef f = −1 for any values of the parameters.
combining and stability analysis.
By looking the differential equations in Eqs. (97)- (98) and (104)- (105), it can be seen that these are identical apart for some additive constants, and in effect the eigenvalues will be identical for the two systems. Let us denote x ′ = f and y ′ = g for notational simplicity. In effect, the equation that determines the eigenvalues, takes the following form,
where (f x ) 0 , (f y ) 0 , (g x ) 0 and (g y ) 0 , are equal to,
and in the above relations we took into account that for both points we have x 0 + y 0 = 1. The solution of Eq. (111) for the fixed point P 5a with positive sign in (100) reads,
and for the point P 5b
and by substituting the expression (103) for ζ 0 , for the fixed point P 5a , we have,
and for the point P 5b we get,
Note that we have set γ = 0, since all the eigenvalues, even in this case, do not vanish. Thus we can see that both points P 5a and P 5b are stable or unstable with respect to coordinates x and y simultaneously, and stability condition reads,
Moreover, we need to require that both fixed points lie in the physical region, namely at 0 x 0 1 and 0 y 0 1, so the following conditions must be satisfied,
where,
In Table VI we have gathered all the fixed points and the corresponding eigenvalues for the case of an oscillating form of the interaction term Q. 
It is worth discussing some interesting scenarios, so assume that w 0 = 1, w 1 κ 2 = −1, then the fixed points and the eigenvalues become,
So by changing the values of the parameters w 0 and w 1 , it is possible to appropriately fix the fixed point P 5b , which recall that it corresponds to late-time acceleration, in order some fixed relation between ρ dm and ρ de holds true. Note that in this section we studied only case for which the choices of the functions f (ρ) and G(H 2 ) were the simplest choices, but in principle a more involved functional form for these functions may lead to more interesting phenomenology. In such a case though, the analytical treatment will be possibly insufficient, so a concrete numerical analysis will be needed.
In conclusion, we constructed a cosmological model that describes the inflationary and the late-time acceleration era, due to an oscillating interaction term between the dark energy and dark matter fluids. We found two fixed points, with the first being P 5a , which describes the initial de Sitter solution, namely the inflationary era, and this fixed point was unstable, a feature which indicates that the graceful exit is triggered. The second fixed point was also found to be a de Sitter fixed point, which describes the present day acceleration. As we demonstrated, in the oscillating model we discussed, during the early Universe there was no interaction between dark energy and dark matter, however during the late-time the interaction was present. Finally, as we showed, by appropriately choosing the parameters, it is possible to produce some fixed relation for ρ dm /ρ de .
Before closing this section, let us briefly discuss an interesting issue with regards the early-time era. It would be interesting to calculate the slow-roll indices and the corresponding observational indices for the inflationary era we presented in section V A 1. For example by assuming the perfect fluid approach [7] , we can express the spectral index of primordial curvature perturbations n s and the scalar-to-tensor ratio r in the usual way these are given in the case of a canonical scalar field, n s = 1 − 6ǫ + 2η, r = 16ǫ.
with the slow-roll indices being defined in terms of the Hubble rate as follows,
By combining Eqs. (62) and (63) it is easy to calculate the slow-roll parameter ǫ, which reads, ǫ = 1 2 4 − y + x(3w 0 − 1) + w 1 κ 2 − 3ζ 0 .
Differentiating (63) and by combining with equations (62)- (66) we can find a similar expression for the slow-roll parameter η. Note here that the resulting expression for η is much more complicated so we omit it. There is a major obstacle in calculating the slow-roll indices however, since in the expressions for ǫ and η, we must use values for x and y not on the stationary point, but from some point near the stationary point. The resulting slow-roll indices must be expressed in terms of the e-foldings number N , but doing this analytically is a rather formidable task, that exceeds the purposes of this work. A numerical approach though might be less difficult to perform, so we hope to address this task in a future work.
VI. CONCLUSIONS
In this work we analyzed in detail the phase space of a cosmological system that contains cosmological fluids that have various forms of equation of state. We firstly discussed the simplest forms of EoS, and we found the fixed points of the cosmological dynamical system and we discussed the physical significance of these fixed points. In addition, we discussed theories that admit interactions between the dark energy and dark matter fluids. In addition we introduced a new class of interaction between dark energy and dark matter, in which theories the interaction term is oscillating, allowing different form of interactions for various eras during the cosmological evolution. As we demonstrated, it is possible to have almost negligible interactions at early times, that is, during the inflationary era, and for the same model the interaction is turned on at late times. The cosmological dynamical system of the oscillating interaction term is in turn decomposed into two distinct dynamical systems at early and late times. Interestingly enough the two dynamical systems predict two de Sitter fixed points corresponding to early and late times, with the early-time de Sitter point being unstable in one of the coordinates, a feature which indicates the possible exit from the inflationary era. This framework gives us the interesting fluid-filled Universe evolution, unifying the early-time acceleration with late-time acceleration.
The fluid description offers an alternative viewpoint in modern cosmology, which may describe successfully many eras of our Universe's evolution. The dynamical system approach offers many new insights since the fixed points of the dynamical system reveal the attractors of the whole theory and their stability indicates whether these attractors are final attractors of the system. A compelling extension of this work is to include Loop Quantum Cosmology effects in the EoS, as was performed in Ref. [14] , so we defer this task to a future work. Another strong motivation to adopt the fluid approach in cosmology, is the late-time acceleration era, since this can be modeled by fluid cosmology [59] . Furthermore, as modified gravity maybe easily presented in the effective fluid representation, the dynamical systems approach turns out to be useful also for the study of the cosmology in modified gravity. More interestingly, the dynamical system approach can be applied to the study of bouncing cosmology, described by a multi-component fluid. We aim to address this latter issue in a future work. In conclusion, we believe that the multi-component fluid cosmology may have some valuable insights to offer to the cosmologists community.
